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J355. Proposed by Anant Mudgal, India
Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 3. Prove that
4a®+0?+ ) — (a3 + b +c3)>09.
Solution by Arkady Alt , San Jose ,California, USA.
Since a2 4+ b2 + ¢ = (a+ b+ ¢)* — 2 (ab+ bc + ca) = 9 — 2 (ab + be + ca)
and a® + b3 + 3 = 3abc + (a + b+ ¢)® —3(a+b+c) (ab+ be + ca) =
3abc+ 27— 9 (ab+ be + ca) then 4(a®> +b* +c?) — (a® +0® +3) > 9 —
4(9 —2(ab+be+ ca)) — (3abe + 27 — 9 (ab + bc + ca)) > 9 —
36 — 8 (ab+ be+ ca) — 3abc — 27+ 9 (ab+bc+ ca) > 9 <—
ab + bc+ ca > 3abec <= (ab+ bc + ca) (a+ b+ ¢) > 9abe, where
latter inequality is right because by AM-GM inequality
ab+ be+ ca > 3Va2b2c? and a + b + ¢ > 3V abe.
%
J356. Proposed by Titu Andreescu, University of Texas at Dallas,
USA
Find all positive integers n such that
2(6499)™ — 3(1 + 8i)™ = 3(7 + 41)".
Solution by Arkady Alt , San Jose ,California, USA.
Note that 2(6 + 99)™ — 3(1 4+ 8)" = 3(7 4+ 4)" <—
ne1 (T8I (T4 \n N o anel
2.3"1 = <2+3i) + <2+3i) — 2+9)"+(2-9)"=2-3""1.
Also note that for any positive integers n such that
(2+14)" + (2 —14)" =2- 3" holds inequality
2371 224 0)" + (2= )" < |+ )" — )" = @+ D@ — )" =
2(v5)"

But for any positive integers n > 4 holds inequality 37! > (\/g)n

Indeed, 3*~1 > (\/5)4 <= 27 > 25 and for any n > 4 in supposition
3l > (\/5)n we obtain

3n=3""1.3>3(v5)" > V5. (V)" = (vB)"".
Thus, to find positive integers n that (2 +4)" + (2 —4)" =2.3""1
suffice to check n € {1,2,3}.
For n =1 and n = 3 we have, respectively, (24 i)' + (2 — i)' =4 #£2.31-1
and (240)° +(2—1i)° =4 42331,
For n =2 we have (2+4)° 4+ (2—i)>=6=2-32"1
So, answer is n = 1.

0

J357. Proposed by Mihdly Bencze, Brasov, Roméania

z—&—i’:\/i
() < ()
2 - - 2 '
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Prove that for any z € C such that




MRS6, 2015 All solutions in one file.

Solution by Arkady Alt , San Jose ,California, USA.
2 2

. 1 . )
Let z =re*?. Then |z| =r and |z 4+ —| = |re'? + —e '?| =
z r

%2 |r262i"9 + 1|2 =2 }rz cos2p + 1 +ir? sin2g0|2 =

(r% cos 2¢ + 1)2 +risin®2p 4 2r2cos2p + 1

r2 r2
1 17
Hence, |z + . =vh < |z+ 2 =5 < r*4+2r2cos 20+1 = 5r2 <—
1
2cos2¢:5fr27r—2andsince |cos 2| < 1 then 577’277”—2 <2 —
1 0<r*=3r2+1
—2<5 -2 < =
2<5—r T2_2<:>{T4_7T2+1§0 —
r2§3—vﬁor3+vﬁgrz 7—3¢3§T2§3—V6
2 2 = 2 2 =
7-3V5 _ , T7+3V5 3+v5 _ , _T+3V5
— <rr—/ — <r'—/—
2 ) 2 ) 2 2
3-V5) e (Y5 3-5 V51
2 - - 2 5 <r< 5
2 < -
VBN _ 5 (3+V5 \£+1§T§3+¢3
ST 2 2
2 2
2 2
3—V5 3+5 V5 —1 V5 +1
<r< r <
2 - = 2 2 - - 2
Remark. ) )
5—-1 5+1
As we can see that although the numbers \f2 ) and (f;— >

are the minimum and maximum values of |z| respectively,

ﬁj2<ﬁ+1

2
isn’t a range of |z|
2 2

nonetheless the segment <

2
ﬁ”) Slzlé*/g;l

2
because in fact < 9
V41 V541
5 = 2| <

%

J358. Proposed by Titu Andreescu, University of Texas at Dallas,
USA

Prove that for x € R, the equations,

x—1 x+1

22 :221_1and22 :m
are equivalent.
Solution by Arkady Alt , San Jose ,California, USA.
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Let ¢ := 22" " then 2 = 222" = 227" 44 = 92"2"7" = 92" 44 equations
can be rewritten,

1
respectively, ast:t2 1 — ts—t—1=0andt4=ﬁ —
o —t*—1=0.

Since t° —t* —1= (£* —t+1) (t* —t — 1) and t* —¢+1 > 3/4 for any real
t then

. 1 1
-ttt —1=0 <= t3—t—1=0,thatist? = — <= t= .
t—1 2 -1
O
J359. Proposed by Dorin Andrica and Dan Stefan Marinescu,

Romaéania

The midline of triangle ABC, parallel to side BC, intersects the triangle’s
circumcircle at B’ and C'.

Evaluate the length of segment B’C’ in terms of triangle ABC side-lengths.
Solution by Arkady Alt , San Jose ,California, USA.

First we will find distance ON from circumcenter to the midline.

A

Since ZOBC = 90° — A then OM = Rsin (90° — A) = Rcos A
Also since MN = ha = besin4 = be then ON = be _ Rcos A.
2 2a 4a 4a

2
Therefore, B'C' = 2/ R? — ON?2 = 2\/R2 - (Z; - RcosA) .

b b F

Since é = % = and 2bccos A = b% + ¢ — a? then

R? — E—RCOSA = R%sin? A — L b202+1bccosA=
4R 16 R? 2

£7F72+b2+027a27b2+027£27

4 q? 4 4 a?

b2+ ¢ 20202 4+ 20°c? +2c%a® —at — bt = 4 B

4 16a2 N
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2 2
9022 1+ 26202 + 20202 4 at 4 bt 4 ot (a2 +(b+c) ) (a2 +(b—-c) >
1642 _ 16a2

\/(GQ +(b+ 0)2) <a2 +(b— c)2>

2a

So, B'C' =

0
0355. Proposed by Nguyen Viet Hung, High School for Gifted
Students, Hanoi University of Science, Vietnam
Let ABC be a triangle with incenter I. Prove that
(IB+1C)? (IC+1A)? (IA+1B)? <9
a(b+ c) b(c+ a) cla+b) — 7
Solution by Arkady Alt , San Jose ,California, USA.
2y/bes (s —a) 2y/cas (s —b)

Since I, = , then
b+c c+a
IA+IB:la(b+C) lb(cha):\/bcs(s—a)+\/cas(s—b):
a+b+c a+b+c S s

Vo (VG0 + VaG =) and

2
(IA+IB)? = g (\/b(s—a) + \/a(s—b)) .
By Cauchy Inequality

<\/b(s—a)+\/a(s—b))2§(b+a)(s—a+s—b)=c(a+b).
2 %4—15)2 < g and, therefore,

Thus, (A + IB)? < % (a+b) <

Z(IA+IB)2 cy

cye  cla+D) e s
It is nice inequality!

=2.

¢
0357. Proposed by Titu Andreescu, USA and Oleg Mushkarov,
Bulgaria

Prove that in any triangle
ab + dmgmy n be + dmym, + ca + 4dm.mg S 16K

¢ a b - R
Solution by Arkady Alt , San Jose ,California, USA.
16K 64K? B 64K2

R 4RK  abc

Noting that and zm, > zh, = 2K,z € {a,b,c} we

obtain - 22 4 4ab
ab + dmgmy a + 4dabmemy 1 272 2
B - e 7> b 16K7).
gj:c c C%C abc ~ abc gj:c (a + )

Thus suffice to prove inequality > (a2b2 + 16K2) > 64K? «—
cyc
(1)  a?b® + % + c?a® > 16K>.
Since 16K? = 2a2b? + 2b%c2 + 2¢%a® — a* — b* — ¢* then
(1) = a®b® +b?® + ?a® > 2a%b* + 2022 + 2¢%a® — ot — b — ¢t =

1985-2018 Arkady Alt 4
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a* + b + ¢t > a?b? + b2 + Pa? = (a2 - b2)2 > 0.

cyc
O
S357. Proposed by Mihdly Bencze, Brasov, Romaéania
Prove that in any triangle,
3 a (hg — 2r) < 3 .
e\l Ba+b+c)(hg+2r) — 4
Solution by Arkady Alt , San Jose ,California, USA.

— —2r
2 hy —2 _
Since h, = =r then . 2T = 2; _s—a and
a o T 27 =T Lo s+ a
a
a (hg — 2r) a(s—a) _a(s—a)

Batbte)(hat2r) (2a+2s)(sta) 2(s+a)
(2a+(s—
2a (s —a) <

a)>2: 1

2
4(s+a)® ~  4(s+a) 16°
a(hg — 2r) 1 3
H < — =
ence, 2\ Gat b+ o) (hat2r) ~ 22\ 16 1

O
S359. Proposed by Titu Andreescu, University of Texas at Dallas,

USA
Prove that in any triangle,

m L — E +m L — E +m L — E >0
“\2r, bec *\2r, ca ‘\2r. ab) ="
Solution by Arkady Alt , San Jose ,California, USA.

Let F and s be area and semiperimeter of a triangle, respectively.
R aR  aR a

. _ R _aR _ _a
Snllce TaR . 71a an = b 41RF iF then
—— =7 026-a)—a)= 5 (b+c—2a).
2rq,  be 4F( (s—a)—a) 4F( +c—2a)
1 R
Thereforev Zma <_) >0 <— Zma(b+c—2a)20 <~
cyce 27“,;, be cye
(1) Smg (b+¢) >2Y mga.
cyc cyc
Since m? —mp = 22+ ) — @) ; (2(c+a?) —0?) _3(b- ai (a+b)

b—a)(a+b
yields (m2 —m?) (b—a) = 3(b=a) (a+b)
then by rearrengement inequality for triples
(mg,mp, m.) and (—a, —b, —c) holds inequalities

S ma(—a) > > my (=b) <= > myb>> mga

cyc cyc cye cyc

and > mg (—a) > > me (—c) <= > mgc > > mga.

cyc cyc cyc cyc

Thus, > mg (b+c¢)=>.msb+ > mec>2> mya.

cyc cyc cyc cyc
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O
U357. Proposed by Dorin Andrica, Babes-Bolyai University,
Cluj Napoca, Romaéania

Evaluate
1 2 n "
1' <L+ﬁ)<1+m0”(1+nﬁ
R0 NG
Solution by Arkady Alt , San Jose ,California, USA.

@+7;)<1+;J“(1+;J

NG

n k 1
n(l+—=|—-= .
n(k—1n(+n2> 2>,neN

z? a3
Since ln(l—}—x):x—?—l—?—i—o(ﬁ) then

k k k2 K3 1
ln<1—|—nz) :n2_2n4+3n6+0(n3> fork:1,2,,n

ok k> K3 1 1
H n = _—— — _— —_ — = =
e =n(E (a5 0 () -3)

Let a,, :=1In

n n o k2 no k3 1
k 2 /;::1 s 1;::1 g5 ¢ (n2
nin+1) n nn+1)2n+1) n2m+1)° 1Y

2n 2 12n3 M ( 2) B
1 (n+1)(2n+1)

1
3T e — + 0 (n) and, therefore,

lim a, = > —
m a B)

1 1
n—oo 6
1 2 n
<1+—2) <1 2).“(1+—72)
n n n
Since = e% then
Ve
1 2 n "
G+2><1%2> (1+5%) |
llm n = enlLH;o an = \3/6
n—oo \/é ’
O
U358. Proposed by Mihai Piticari and Sorin Radulescu,
Romania.

Let (z,)n>0 be an increasing sequence of real numbers for
which there is a real number a > 2 such that
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Tny1 > Ly — (@ — 1)1,
for all n > 1. Prove that (z,,),>1 is divergent.
Remark.
There is no need to claim that "(x,),>1 be an increasing sequence".
Suffice to claim x5 > x7.
Solution by Arkady Alt , San Jose ,California, USA.
Tpg1 = 0y — (@ — 1)Tp1 <= Tpy1 —Tp > (a—1) (2 —2p_1) =

xX 1— T Tpn — Tp—-1
n+ n > n n : n 2 1.
(a=Dm — (a—1)"~
. Tnt1 — T A .
Since Zntl  on 1S 1Increasing sequence then

(a—1)m n>0
Tny1 — Tn 1 — Zo

(=D = {a=1p

Tni1—20= Y (Tpr1 —zx) > Y (a—1D)F (22 — 1) =
k=0 k=0

Tn4+1 — Lo > (1‘1 — ‘TO) ((a - 1)n : 1) '

= Tpy1 —Tp > (a—1)" (z1 —29) =

a—2
Since a > 2 then by Bernoulli Inequality
(a—1)">1+n(a—2),n €N and, therefore,
Tpt1 > 2o + (1 —x0)n, n €N,
Thus, (5 )n>1 is divergent.
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