
MR6, 2015 All solutions in one �le.

MR6, 2015 All solutions in one �le.

J355. Proposed by Anant Mudgal, India
Let a; b; c be positive real numbers such that a+ b+ c = 3. Prove that

4(a2 + b2 + c2)� (a3 + b3 + c3) � 9:
Solution by Arkady Alt , San Jose ,California, USA.
Since a2 + b2 + c2 = (a+ b+ c)2 � 2 (ab+ bc+ ca) = 9� 2 (ab+ bc+ ca)
and a3 + b3 + c3 = 3abc+ (a+ b+ c)3 � 3 (a+ b+ c) (ab+ bc+ ca) =
3abc+ 27� 9 (ab+ bc+ ca) then 4(a2 + b2 + c2)� (a3 + b3 + c3) � 9 ()
4(9� 2 (ab+ bc+ ca))� (3abc+ 27� 9 (ab+ bc+ ca)) � 9 ()
36� 8 (ab+ bc+ ca)� 3abc� 27 + 9 (ab+ bc+ ca) � 9 ()
ab+ bc+ ca � 3abc () (ab+ bc+ ca) (a+ b+ c) � 9abc; where
latter inequality is right because by AM-GM inequality
ab+ bc+ ca � 3 3

p
a2b2c2 and a+ b+ c � 3 3

p
abc:
�

J356. Proposed by Titu Andreescu, University of Texas at Dallas,
USA
Find all positive integers n such that
2(6 + 9i)n � 3(1 + 8i)n = 3(7 + 4i)n:

Solution by Arkady Alt , San Jose ,California, USA.
Note that 2(6 + 9i)n � 3(1 + 8i)n = 3(7 + 4i)n ()

2 � 3n�1 =
�
1 + 8i

2 + 3i

�n
+

�
7 + 4i

2 + 3i

�n
() (2 + i)

n
+ (2� i)n = 2 � 3n�1:

Also note that for any positive integers n such that
(2 + i)

n
+ (2� i)n = 2 � 3n�1 holds inequality

2�3n�1 = j(2 + i)n + (2� i)nj � j(2 + i)nj+j(2� i)nj = j(2 + i)jn+j(2� i)jn =
2
�p
5
�n
:

But for any positive integers n � 4 holds inequality 3n�1 >
�p
5
�n
:

Indeed, 34�1 >
�p
5
�4 () 27 > 25 and for any n � 4 in supposition

3n�1 >
�p
5
�n

we obtain

3n = 3n�1 � 3 > 3
�p
5
�n
>
p
5 �
�p
5
�n
=
�p
5
�n+1

:
Thus, to �nd positive integers n that (2 + i)n + (2� i)n = 2 � 3n�1
su¢ ce to check n 2 f1; 2; 3g :
For n = 1 and n = 3 we have, respectively, (2 + i)1+(2� i)1 = 4 6= 2 � 31�1
and (2 + i)

3
+ (2� i)3 = 4 6= 2 � 33�1:

For n = 2 we have (2 + i)2 + (2� i)2 = 6 = 2 � 32�1:
So, answer is n = 1:

�
J357. Proposed by Mihály Bencze, Braşov, România

Prove that for any z 2 C such that
����z + 1z

���� = p5, p
5� 1
2

!2
� jzj �

 p
5 + 1

2

!2
.

c
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Solution by Arkady Alt , San Jose ,California, USA.

Let z = rei': Then jzj = r and
����z + 1z

����2 = ����rei' + 1r e�i'
����2 =

1

r2
��r2e2i' + 1��2 = 1

r2
��r2 cos 2'+ 1 + ir2 sin 2'��2 =�

r2 cos 2'+ 1
�2
+ r4 sin2 2'

r2
=
r4 + 2r2 cos 2'+ 1

r2
:

Hence,

����z + 1z
���� = p5 () ����z + 1z

����2 = 5 () r4+2r2 cos 2'+1 = 5r2 ()

2 cos 2' = 5� r2 � 1

r2
and since jcos 2'j � 1 then

����5� r2 � 1

r2

���� � 2 ()
�2 � 5� r2 � 1

r2
� 2 ()

�
0 � r4 � 3r2 + 1
r4 � 7r2 + 1 � 0 ()8><>:

r2 � 3�
p
5

2
or
3 +

p
5

2
� r2

7� 3
p
5

2
� r2 � 7 + 3

p
5

2

()

264 7� 3
p
5

2
� r2 � 3�

p
5

2
3 +

p
5

2
� r2 � 7 + 3

p
5

2

()

266664
 
3�

p
5

2

!2
� r2 �

 p
5� 1
2

!2
 p

5 + 1

2

!2
� r2 �

 
3 +

p
5

2

!2 ()

264 3�
p
5

2
� r �

p
5� 1
2p

5 + 1

2
� r � 3 +

p
5

2

=)

3�
p
5

2
� r � 3 +

p
5

2
()

 p
5� 1
2

!2
� r �

 p
5 + 1

2

!2
.

Remark.

As we can see that although the numbers

 p
5� 1
2

!2
and

 p
5 + 1

2

!2
are the minimum and maximum values of jzj respectively,

nonetheless the segment

24 p5� 1
2

!2
;

 p
5 + 1

2

!235 isn�t a range of jzj

because in fact

266664
 p

5� 1
2

!2
� jzj �

p
5� 1
2

p
5 + 1

2
� jzj �

 p
5 + 1

2

!2 :

�
J358. Proposed by Titu Andreescu, University of Texas at Dallas,

USA
Prove that for x 2 R, the equations,
22

x�1
=

1

22x � 1 and 2
2x+1 =

1

22x�1 � 1
are equivalent.
Solution by Arkady Alt , San Jose ,California, USA.
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Let t := 22
x�1

then t2 = 22�2
x�1

= 22
x+1

; t4 = 22
2�2x�1 = 22

x+1

and equations
can be rewritten,

respectively, as t =
1

t2 � 1 () t3 � t � 1 = 0 and t4 =
1

t� 1 ()
t5 � t4 � 1 = 0:
Since t5� t4� 1 =

�
t2 � t+ 1

� �
t3 � t� 1

�
and t2� t+1 � 3=4 for any real

t then
t5 � t4 � 1 = 0 () t3 � t� 1 = 0; that is t4 = 1

t� 1 () t =
1

t2 � 1 :
�

J359. Proposed by Dorin Andrica and Dan Ştefan Marinescu,
România
The midline of triangle ABC, parallel to side BC, intersects the triangle�s
circumcircle at B0 and C 0.
Evaluate the length of segment B0C 0 in terms of triangle ABC side-lengths.
Solution by Arkady Alt , San Jose ,California, USA.
First we will �nd distance ON from circumcenter to the midline.

N

M

O

LK C'B'

CB

A

Since \OBC = 90� �A then OM = R sin (90� �A) = R cosA
Also since MN =

ha
2
=
bc sinA

2a
=
bc

4a
then ON =

bc

4a
�R cosA:

Therefore, B0C 0 = 2
p
R2 �ON2 = 2

s
R2 �

�
bc

4R
�R cosA

�2
:

Since
bc

4R
=
abc

4Ra
=
F

a
and 2bc cosA = b2 + c2 � a2 then

R2 �
�
bc

4R
�R cosA

�2
= R2 sin2A� 1

16R2
b2c2 +

1

2
bc cosA =

a2

4
� F

2

a2
+
b2 + c2 � a2

4
=
b2 + c2

4
� F

2

a2
=

b2 + c2

4
� 2a

2b2 + 2b2c2 + 2c2a2 � a4 � b4 � c4
16a2

=

c
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�2b2c2 + 2c2a2 + 2a2b2 + a4 + b4 + c4
16a2

=

�
a2 + (b+ c)

2
��
a2 + (b� c)2

�
16a2

So, B0C 0 =

r�
a2 + (b+ c)

2
��
a2 + (b� c)2

�
2a

:

�
O355. Proposed by Nguyen Viet Hung, High School for Gifted
Students, Hanoi University of Science, Vietnam
Let ABC be a triangle with incenter I: Prove that

(IB + IC)2

a(b+ c)
+
(IC + IA)2

b(c+ a)
+
(IA+ IB)2

c(a+ b)
� 2:

Solution by Arkady Alt , San Jose ,California, USA.

Since la =
2
p
bcs (s� a)
b+ c

;
2
p
cas (s� b)
c+ a

then

IA+ IB =
la (b+ c)

a+ b+ c
+
lb (c+ a)

a+ b+ c
=

p
bcs (s� a)

s
+

p
cas (s� b)

s
=r

c

s

�p
b (s� a) +

p
a (s� b)

�
and

(IA+ IB)2 =
c

s

�p
b (s� a) +

p
a (s� b)

�2
:

By Cauchy Inequality�p
b (s� a) +

p
a (s� b)

�2
� (b+ a) (s� a+ s� b) = c (a+ b) :

Thus, (IA+ IB)2 � c2

s
(a+ b) () (IA+ IB)2

c(a+ b)
� c

s
and, therefore,P

cyc

(IA+ IB)2

c(a+ b)
�
P
cyc

c

s
= 2:

It is nice inequality!
�

O357. Proposed by Titu Andreescu, USA and Oleg Mushkarov,
Bulgaria
Prove that in any triangle
ab+ 4mamb

c
+
bc+ 4mbmc

a
+
ca+ 4mcma

b
� 16K

R
Solution by Arkady Alt , San Jose ,California, USA.

Noting that
16K

R
=
64K2

4RK
=
64K2

abc
and xmx � xhx = 2K;x 2 fa; b; cg we

obtainP
cyc

ab+ 4mamb

c
=
P
cyc

a2b2 + 4abmamb

abc
� 1

abc

P
cyc

�
a2b2 + 16K2

�
:

Thus su¢ ce to prove inequality
P
cyc

�
a2b2 + 16K2

�
� 64K2 ()

(1) a2b2 + b2c2 + c2a2 � 16K2:
Since 16K2 = 2a2b2 + 2b2c2 + 2c2a2 � a4 � b4 � c4 then
(1)() a2b2 + b2c2 + c2a2 � 2a2b2 + 2b2c2 + 2c2a2 � a4 � b4 � c4 ()

c
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a4 + b4 + c4 � a2b2 + b2c2 + c2a2 ()
P
cyc

�
a2 � b2

�2 � 0:
�

S357. Proposed by Mihály Bencze, Braşov, România
Prove that in any triangle,P

cyc

s
a (ha � 2r)

(3a+ b+ c) (ha + 2r)
� 3

4
:

Solution by Arkady Alt , San Jose ,California, USA.

Since ha =
2sr

a
then

ha � 2r
ha + 2r

=

2sr

a
� 2r

2sr

a
+ 2r

=
s� a
s+ a

and

a (ha � 2r)
(3a+ b+ c) (ha + 2r)

=
a (s� a)

(2a+ 2s) (s+ a)
=
a (s� a)
2 (s+ a)

2 =

2a (s� a)
4 (s+ a)

2 �

�
2a+ (s� a)

2

�2
4 (s+ a)

2 =
1

16
:

Hence,
P
cyc

s
a (ha � 2r)

(3a+ b+ c) (ha + 2r)
�
P
cyc

r
1

16
=
3

4
:

�
S359. Proposed by Titu Andreescu, University of Texas at Dallas,

USA
Prove that in any triangle,

ma

�
1

2ra
� R

bc

�
+mb

�
1

2rb
� R

ca

�
+mc

�
1

2rc
� R

ab

�
� 0:

Solution by Arkady Alt , San Jose ,California, USA.
Let F and s be area and semiperimeter of a triangle, respectively.

Since ra =
F

s� a and
R

bc
=
aR

abc
=

aR

4RF
=

a

4F
then

1

2ra
� R

bc
=

1

4F
(2 (s� a)� a) = 1

4F
(b+ c� 2a) :

Therefore,
P
cyc
ma

�
1

2ra
� R

bc

�
� 0 ()

P
cyc
ma (b+ c� 2a) � 0 ()

(1)
P
cyc
ma (b+ c) � 2

P
cyc
maa:

Sincem2
a�m2

b =

�
2
�
b2 + c2

�
� a2

�
�
�
2
�
c2 + a2

�
� b2

�
4

=
3 (b� a) (a+ b)

4

yields
�
m2
a �m2

b

�
(b� a) = 3 (b� a)2 (a+ b)

4
� 0

then by rearrengement inequality for triples
(ma;mb;mc) and (�a;�b;�c) holds inequalitiesP
cyc
ma (�a) �

P
cyc
ma (�b) ()

P
cyc
mab �

P
cyc
maa

and
P
cyc
ma (�a) �

P
cyc
ma (�c) ()

P
cyc
mac �

P
cyc
maa:

Thus,
P
cyc
ma (b+ c) =

P
cyc
mab+

P
cyc
mac � 2

P
cyc
maa:

c
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�
U357. Proposed by Dorin Andrica, Babes-Bolyai University,
Cluj Napoca, România
Evaluate

lim
n!1

0BB@
�
1 +

1

n2

��
1 +

2

n2

�
:::
�
1 +

n

n2

�
p
e

1CCA
n

Solution by Arkady Alt , San Jose ,California, USA.

Let an := ln

0BB@
�
1 +

1

n2

��
1 +

2

n2

�
:::
�
1 +

n

n2

�
p
e

1CCA
n

=

n

�
nP
k=1

ln

�
1 +

k

n2

�
� 1
2

�
; n 2 N:

Since ln (1 + x) = x� x
2

2
+
x3

3
+ o

�
x3
�
then

ln

�
1 +

k

n2

�
=
k

n2
� k2

2n4
+
k3

3n6
+ o

�
1

n3

�
for k = 1; 2; :::; n:

Hence, an = n
�

nP
k=1

�
k

n2
� k2

2n4
+
k3

3n6
+ o

�
1

n3

��
� 1
2

�
=

nP
k=1

�
k

n
� k2

2n3
+
k3

3n5
+ no

�
1

n3

��
� n
2
=

nP
k=1

k

n
� n
2
�

nP
k=1

k2

2n3
+

nP
k=1

k3

3n5
+ o

�
1

n2

�
=

n (n+ 1)

2n
� n
2
� n (n+ 1) (2n+ 1)

12n3
+
n2 (n+ 1)

2

12n5
+ o

�
1

n2

�
=

1

2
� (n+ 1) (2n+ 1)

12n2
+ o

�
1

n

�
and, therefore,

lim
n!1

an =
1

2
� 1
6
=
1

3
:

Since

0BB@
�
1 +

1

n2

��
1 +

2

n2

�
:::
�
1 +

n

n2

�
p
e

1CCA
n

= ean then

lim
n!1

0BB@
�
1 +

1

n2

��
1 +

2

n2

�
:::
�
1 +

n

n2

�
p
e

1CCA
n

= e
lim
n!1

an
= 3
p
e:

�
U358. Proposed by Mihai Piticari and Sorin R¼adulescu,
România.
Let (xn)n�0 be an increasing sequence of real numbers for
which there is a real number a > 2 such that

c
1985-2018 Arkady Alt 6



MR6, 2015 All solutions in one �le.

xn+1 � axn � (a� 1)xn�1,
for all n � 1. Prove that (xn)n�1 is divergent.
Remark.
There is no need to claim that "(xn)n�1 be an increasing sequence".
Su¢ ce to claim x2 > x1:
Solution by Arkady Alt , San Jose ,California, USA.
xn+1 � axn � (a� 1)xn�1 () xn+1 � xn � (a� 1) (xn � xn�1) ()
xn+1 � xn
(a� 1)n � xn � xn�1

(a� 1)n�1 ; n � 1:

Since
�
xn+1 � xn
(a� 1)n

�
n�0

is increasing sequence then

xn+1 � xn
(a� 1)n � x1 � x0

(a� 1)0 =) xn+1 � xn � (a� 1)n (x1 � x0) =)

xn+1 � x0 =
nP
k=0

(xk+1 � xk) �
nP
k=0

(a� 1)k (x2 � x1) ()

xn+1 � x0 �
(x1 � x0) ((a� 1)n � 1)

a� 2 :

Since a > 2 then by Bernoulli Inequality
(a� 1)n � 1 + n (a� 2) ; n 2 N and, therefore,
xn+1 � x0 + (x1 � x0)n; n 2 N:
Thus, (xn)n�1 is divergent.

c
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